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ή {x e X| \Mx)\ 5Sε} where f { e Γ and ε > 0 is an equivalent neighborhood base at the origin for the weak topology. The undefined measure theoretic terms which appear in § 5 agree with [2] . 2* Demi-spaces, polyhedra and polytopes* In a conversation with the author, Professor P. C. Hammer defined a convex subset of a linear space to be a demi-space if its complement is also convex. Algebraically open and closed half spaces are examples of demi-spaces. The main properties of demi-spaces which we will be using can all be derived from Theorem 2.1 below and its corollary. The theorem is due to Kakutani and a proof appears in [3, Th. 1.8] , THEOREM Pcΰ and QdX\D. i.e ., The demi-space D strictly separates P from Q. COROLLARY 
(Kakutani). If P, Q are disjoint convex subsets of a linear space, then there exists a demi-space D such that

A subset D of a linear space X is a demispace if and only if it is a maximal convex set which excludes some convex set.
If one defines a semi-space [3] as a maximal convex set which excludes a point, then Corollary 2.2 implies that these sets are also examples of demi-spaces.
In [7] , Weyl defines a convex polyhedron as a subset of a linear space which can be realized as the intersection of finitely many half spaces. Here we use a more general definition and define a convex polyhedron as a subset of a linear space which can be expressed as the intersection of a finite number of demi-spaces.
In [4] we generalized WeyΓs definition of a convex polyhedron to embrace certain bounded convex sets in infinite dimensional spaces. We showed that this definition was well motivated and shared many of the properties of the former. In fact the only bounded nondegenerate convex polytopes which exist in finite dimensional normed linear spaces were seen to be polyhedra. The definition given there is as follows: If {D a \ae A} is a collection of algebraically closed half space in a linear space X such that (i) P= Π{D a \aeA).
(ii) For each xe X there exists a u a 2 , --,a n e A having the property that xe []{D a \ae A, a^a u a 2 , , a n }, then P is a convex polytope.
For the purpose of this paper we will broaden this definition by allowing the collection {D a | a e A} to be a collection of demi-spaces. Every collection of demi-spaces which satisfies (i) and (ii) will be called a representative collection of demi-spaces for P. Theorem 2.3 links our definition of a convex polytope to that given in [4] and enables us to more fully utilize the results of [4] . Proof. Let R be an arbitrary member of & and {JBJ be the countable chain from R to X referred to in (ii) of the definition of a half ring. Then for each integer i there is a demi-space D L which contains R { but strictly separates Ri from J? ί+I \i2i (Theorem 2.1).
Clearly R -ΠA and if x g R then there exists j such that x e R j+1 \Rj. Thus x G Π {A I i ^ i + 1} so that j? is seen to be a convex polytope with {Di} as its representative class of demi-spaces.
It is not true that every member of an entire semi-ring of convex sets is a convex polytope. However we may state: 
, k} is the partition of X assured by (iii) of the definition, then from Theorem 2.1, for each integer there exists a demi-space D { which contains R and strictly separates R from R { . It then follows that R = n A. COROLLARY 
// & is an entire semi-ring of convex sets, then each R e & can he expressed as the intersection of a countable number of demi-spaces.
4* Half rings and linear topologies* In the first part of this section we characterize the weak topology as the only linear topology which has a half ring <% (of convex polyhedra), which satisfies the finite chain condition such that ^?\{0} is a neighborhood base. In the latter part of the section, subspaces of the Banach space (c 0 ) are similarly characterized in terms of half rings of convex poly topes. As a preliminary result we begin with: THEOREM 
If ^ is a neighborhood base of convex polyhedra for a locally convex topology, then that topology is equivalent to its weak topology.
Proof. By definition the given topology is at least as strong as the weak topology. Let Pe^ be an arbitrary neighborhood of the origin. To see that the topologies are equivalent we need only prove the existence of a weak neighborhood of the origin which is contained in P. For this, let {Di \ i = 1, 2,
, k] be a finite collection of demispaces whose intersection is P. Since each Di has a nonvoid interior, as is well known [1] , it can be separated from its convex complement by a continuous linear functional. Thus for each integer i there is a continuous linear functional f t such that X\D { c {x e X \ f^x) Ξ> c { }, so that P= ΓliDiZ) f\i{x e X\fi(x) < c % ) and the set on the right side of the contains symbol is the desired neighborhood. Thus yeR { for some integer i^2 so that y^O { .
Since peD { and D i is convex it follows that x$Di so that R λ = Π;A Thus if Re & is a neighborhood of peX there is a convex polyhedron in & which is contained in R and is also a neighborhood of the point p. Therefore the collection ^? 0 of all nondegenerate convex polyhedra in & is an equivalent neighborhood base.
To see that ^0 is a semi-ring which satisfies the finite sequence condition, let R, R r e & 0 such that R c R r . Suppose further that {R. I i -l y 2, , k: R λ = R) is a finite subcollection of pairwise disjoint members of & whose union is R' and let i be arbitrarily chosen. We need only show that R { is a convex polyhedron. Thus if x is not in the right set of the above equation it cannot be in the left set so that the equality obtains, which proves that R { is a convex polyhedron and hence a member of ^0.
To see that ^0 is a half ring which satisfies the finite chain condition in the event that & is such a half ring, suppose
is the finite chain from R to R' {R,R'e& Q and RaR'). Let ί be arbitrarily chosen. Since the preceding paragraph implies R i+1 \Ri e & Q we need only show R t e & 0 . From Theorem 2.1, there exists a demispace D n such that D n Z)R n and X\D n Z)R n+1 \R n for all n. Thus reasoning similar to the above, it follows that R* nΓn which completes the proof.
Let ^4^ be a translation invariant collection of convex sets which forms a neighborhood base for a linear topological space, ^v^ is said to be absorbing if aNe<yK whenever a>0,Ne^1^
and N is a neighborhood of the origin. COROLLARY 
// &\{0} is an absorbing neighborhood base such that & is a semi-ring that satisfies the finite sequence condition, then each Re & is a convex polyhedron.
Proof. If R e & is a neighborhood of the origin then sincê ?\{0} is absorbing, 2Re &. Moreover, it easily follows that cl(JB)c int(2i?). The reasoning presented in paragraph 1 of the preceding proof now applies to show that R is a convex polyhedron and the assertion then follows from the translation invariance of ^?.
The following theorem completes our characterization of the weak topology in terms of semi-rings of convex sets. THEOREM 
The weak topology of linear topological space always has an absorbing half ring of convex polyhedra which satisfies the finite chain condition as an equivalent neighborhood base.
Proof. Let Γ be the collection of all continuous linear functionals and Γ' be a maximal subcollection of linearly independent members of Γ. Let Sf be the collection of all half spaces either of the form
D7 = {xeX\f(x)>c}
where c ranges over all real numbers and / over all Γ'. By Theorem 3.1, the collection & of all convex polyhedra R which has a finite subset of ^ as a representative class is a half ring which satisfies the finite chain condition. Since Γ' is a linearly independent set, it easily follows that each nonvoid member of & has a nonempty interior. Thus ^?\{0} is a neighborhood base for a linear topology which is no finer than the weak topology. But since each member of Γ is continuous in the topology induced by ^\{0}, this topology must be at least as fine as the weak topology.
We now turn our attention to characterizing the subspaces of the Banach space (c 0 ) in terms of half rings. THEOREM Proof. To see that 1. implies 2., we define a convex subset R of (c 0 ) . Now if 7 is a subspace of (c 0 ) then it follows that the collection {RΓ\Y\Re&} is also an entire half ring of convex sets which without the null set forms an absorbing neighborhood base. That each of its members is a convex poly tope with countably many faces, follows from Theorem 3.2. Thus every space X which is linearly homeomorphic to a subspace of (c 0 ) satisfies condition 2.
Since 2. obviously implies 3. we need only prove that 3. implies 1. To accomplish this we can use the regularity of the topological space X to prove the existence of a pair R, R r of bounded nondegenerate members of the half ring such that cl(iϋ) c int(iϋ'). Let {R { \ i = 1, 2, •} be an ascending chain from R = R 1 to R f = \JiRi. From Theorem 2.1, for each integer i, there exists a demi-space £>* such that DiZ)R and X\DiZ)Ri.
But then it is easily seen, by methods similar to those employed in the proof of Theorem 4.2, that R is a convex polytope with {Di \ i -1, 2, •} as a representative class of demi-spaces. Thus Theorem 2.3 and Corollary 2.4 imply that cl(iϋ) is a bounded nondegenerate convex polytope (in the sense of [4] as well as in our sense) with a countable number of faces. Since we have already seen this to be a sufficient condition for X to be linearly homeomorphic to a subspace of (c 0 ) in [4] , the proof is complete. COROLLARY 4.6. A necessary and sufficient condition that a normed linear space X be isomorphic to a subspace of (c 0 ) is that it contains an entire half ring of convex sets which has at least one bounded nondegenerate member.
Proof. From Theorem 3.2 every member of the half ring must be a convex polytope with a countable number of faces. Thus it follows from Theorem 2.3 that the closure of each of its nondegenerate members is also such a convex polytope. The sufficiency of the condition now follows from the result of [4] mentioned above. The necessity is a consequence of the preceding theorem. 5* Measure theoretic properties of semi-rings* Zaanen [8] has shown that a countable additive non-negative set function defined on a semi-ring R which satisfies the finite sequence property can be extended to such a function on the σ-ring σ\&\ generated by &. Here we will extend this result by removing the restriction that & satisfies the finite sequence property. Since a half ring is a semi-ring, note that this result is still valid in case & is a half ring. In the event that & is a half ring which satisfies the finite chain condition, von Neumann [6] has shown that finitely additive nonnegative set functions can be extended to the ring generated by ^?. As seen by the following example this result is not valid for an arbitrary half ring.
Consider the half ring & defined in the proof of Theorem 4.5. If R is an arbitrary member of this half ring as defined initially in the proof, let
To construct the counter example, we will consider the subclass <^?o = {Rε & i ω{R) < °°}. Since ω(R^) ^ ω(R 2 ) whenever R 1 czR 2 and R ί ,R 2 e.^?, it is clear that ,^0 is itself a half ring. If we define an extended real valued nonnegative set function μ by
then the definition of implies that μ is well defined. To see that μ is finitely additive, let R 1 and R 2 be two disjoint members of ^? 0 such that R, \JR« = Re^0.
It follows that R, and R 2 differ from R in exactly one coordinate, say the jth. Then i2"ci2' while ^(i2") -2 > 1 -μ(R'). Let ^ be a semi-ring which contains 0 and let £/* be the collection of all sets which can be expressed as the union of a countable number of pairwise disjoint members of ^. Let ^ be the set of all Mey for which there exists M' e S^ disjoint from ^f such that M\jM'e&.
Note that since 0e^, there is no question of the existence of ^£ and that ^£ always contains ^.
Observe further that M f is not necessarily unique for a given M and the notation M' will be used to specify an arbitrary such member of ^/?. But since the collection {Ri(M)\N} is itself pairwise disjoint, we need only find a suitable
, we note that such a set is the bracketed part of the above equation and the proof is complete.
It is easily seen that .^// is not a ring if one selects & to be the collection of all right open and left closed intervals on the real line whose Lebesgue measure is no greater than unity. This same example also shows that the ring generated by ,./S is not necessarily that generated by .^?. The σ-ring generated by & and ^// are of course synonymous. we take this to be the definition of μ x . In order to show that μ λ is well defined on ^-/Z y let ^y£ = \J3R2j where {R 2j } is a countable subcollection of pairwise disjoint members of R. Then
Thus μ 1 is well defined. To see that μ 1 is countably additive on ^//, let {Mi} be a counta- The author is indebted to Professor R. E. Fullerton for his interest and assistance, and Professor P. C. Hammer for introducing and discussing the notion of a demi-space with him.
